Optimal regularization method to determine
the strength of a plane surface heat source
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The regularization method combined with the generalized cross-validation (GCV) approach
is used to solve the problem of inverse heat conduction involving the determination of
the strength of a surface heat source located inside a plate. The advantage of the present
approach lies in the fact that the GCV method allows the determination of the optimum
value of the regularization parameter. Numerical experiments are presented to show that
the value of the regularization, a, determined in this manner is indeed optimum.
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Introduction

The direct heat conduction problems are concerned with the
determination of temperature at interior points of a region when
the initial and boundary conditions and heat generation are
specified. In contrast, the inverse heat conduction problem
(IHCP) involves the determination of the surface conditions,
energy generation, properties, etc., from the knowledge of the
temperature measurements taken within the body.

Various approaches are available to solve the inverse prob-
lems,! and the regularization methods®* appear to be very
promising. In this approach, a proper regularization term needs
to be added to the sum-of-squares error term in order to
stabilize the solution. Presently there is no way to estimate the
optimum value of the regularization parameter by using the
measured data only. All the existing work on this subject
requires that the noise level in the data should be known.>~5
Because of this restriction, the available approaches are not
practical.

The generalized cross-ventilation (GCV) method has been
used in areas including smoothing noise data,® spline smooth-
ing,” choosing a good ridge parameter,® and dynamic program-
ming?® to stabilize the solution. Recently the method had been
tried in solving the inverse heat conduction problems'®-!3 by
the application of the dynamic programming approach.

In the present work, we apply the GCV method directly to
the least squares equation approach for the solution of linear
inverse heat conduction problems and show that the combined
method is very fast and easy to apply for these solutions. Once
the optimal value of regularization parameter is determined,
the inverse solution process does not require iterations.

Problem formulation

A slab of unit thickness is initially at zero temperature. For
time >0, a continuous plane surface heat source of unknown
strength G(t), located at specified position x=0.5, releases its
energy continuously, while the boundary surfaces at x =0.0 and
x=1.0 are both kept insulated (see Figure 1). The inverse
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analysis is concerned with the determination of the strength of
this unknown energy source as a function of time from the
transient temperature recording taken at the wall. The math-
ematical formulation of the problem is given by

02T(x,t) 1 10T(x,t)

oI L 6() 6(x—0.5)=— i
o T SWOET0)= = (la)
0TO.Y_5  atx=0 (1b)
ox

OTLY o arx=t (1c)
ox

T(x,0)=0  at =0 (1d)

where the thermal diffusivity, 4, and the thermal conductivity,
k, are assumed to be constant, and the unknown plane surface
heat source G(t) is located at x=0.5. Here ¢ is the Dirac delta
function and the source G(t) varies continuously over time.

With one sensor placed at the boundary x=1, and temper-
ature measurements taken at times ¢;, j=1,2,..., M, there is
a total of M measurement data. The objective of this study is
to determine the unknown strength of the source G(t) by
utilizing these M temperature data obtained at x=1.

Inverse solution by regularization method
The direct problem given by Equations 1 is solved by the

Crank-Nicolson method. The regularization method used to
solve the inverse problem is described below.

Location of
the sensor
x =00 x=05 x=1.0
Location of plane
heat source g(t)

Figure T Location of the sensor and surface heat source
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The regularization method is a modification of the sum-of-
squares function with the addition of the regularization terms.
These additional terms have a smoothing effect on the internal
heat source components by acting to minimize the effects of
noise data.

Scott and Beck!* have shown that as the order of regular-
ization increases, the bias errors decrease and the variance
increases. Thus the zero-order regularization has higher bias
errors, while the second-order regularization is more sensitive
to the random errors. Therefore as a compromise, the first-order
regularization is chosen in this work.

The whole-domain first-order regularization procedure for a
single sensor is given in matrix form as'

S=(Y-T)"(Y-T)+a(H,g)"(H,g) ()

where the scalar « is the regularization parameter, Y and T are
the measured and estimated temperature vectors, respectively,
g is the estimated heat source vector, and H; is a square matrix
associated with the first-order regularization procedures and is
given by

-1 1 00 ... 0
H,= 0 -t 10 ... 0 3)
0 ... =11
0 o . . 0 OJdyun
Later in the analysis we shall need HTH,, which is determined as
1 -1 o o0 o0 ... ... 0
-1 2 —1 00 ... ... 0
HIH, = 0 -1 2 -1 0 ... ... 0
0 . . ..o =1 2 -1
0 0 . .o .o—1 L .
)

Equation 2 is minimized with respect to g (where g=g,,
Jj=1,2,..., M), and then rearranged in the form

XT(Y~-T)=aHTH,g (5)
where X is the sensitivity coefficient matrix defined by
X=0T/dg” (6)

A Taylor series expansion of T with respect to an arbitrary
value of the generation g,, gives

T
T=To+-—(g—8o) (7
og

where T, is the value of temperature resulting from a generation
go. Therefore if we let g,=0, then T, becomes T|,_,=0. We

now introduce these values of gg =0 and T, =0 into Equation 7
and the resulting expression into Equation 5 and solve for g
to obtain

g=[X"X+oHTH,] X"Y 8)

The sensitivity coefficient matrix defined by Equation 6 can be
expressed explicitly as

o1, ot T, |
oT, oT, aT,
X=|{dg, 09, = ogu 9)
aT, 0Ty T,
IR

Since temperature calculation at any given time is independent
of future heat source values, the upper diagonal terms in
Equation 9 become zero. For the linear problem considered
here, the application of Duhamel’s theorem with constant
heat source assumption over each time step, the X matrix is
simplified as'*

Voo 0 0 0 ... 0
Vé, Voo O O ... 0

X=| V¢, V¢, Vg, 0 ... 0 (10)
Vou-1 Vou-2 V00

where Vo, =¢;, , — ¢; and ¢; is the temperature rise associated
with a unit step increase in the internal heat source, i.e., G(t)=1
in the heat conduction problem (Equations 1). The temperature
rise ¢; is calculated by solving these equations with the
Crank—Nicolson method.

If the regularization parameter a is known, Equation 2 can
be minimized with respect to g and the inverse solution for g
is obtained from Equation 8, since the sensitivity coefficient
matrix X and HTH, are available from Equations 10 and 4,
respectively.

Now the question arises regarding the choice of the optimal
value of the regularization parameter o that minimizes the
modified sum-of-squares error equation (Equation 2). This
matter is discussed in the next section.

Generalized cross-validation approach

In this work, the optimal regularization parameter o is defined
as the one that minimizes the sum-of-squares error between

Notation

Global influence matrix

True strength of the internal surface heat source vector
Estimated strength of the internal surface heat source
vector

First-order regularization matrix

Thermal conductivity

Sum of square error for first-order regularization
procedure

Estimated temperature vector

Generalized cross-validation function

<=M Y I mep

X  Sensitivity coefficient matrix
Y Measured temperature vector

Greek symbols

Regularization parameter

Dirac delta function

Thermal diffusivity

Standard deviation of measurement temperature
Temperature vector for unit-step internal plane heat
source

Sum of square error between the heat source function
Gand g

BOea »~mRK
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true heat source G(t) and estimated heat source g(t):
Qx)=(G-g)"(G—g) (1

but in a real situation, Q(«) cannot be computed because the
true internal heat source G(t) is unknown. This is where GCV
method enters.

The basic approach in the determination of the optimum
value of the regularization parameter a with the GCV method
is as follows:

Firgt8 determine the value of a,,, that minimizes the function
Via):>

L Y AYIY-A@Y]

1 2
[H Tr(I—A(a))}

where 7,(®) is the trace of a matrix (i.e., the sum of the
diagonals), and the matrix A(2) is a global influence matrix
that will be discussed later.

If «,,, determined in this manner is indeed the optimal value
of «, it should also be the optimal value of a,, that minimizes
Equation 11. Craven and Wahba® and Golub® have proved
that minimizing V(«) is essentially the same as minimizing Q(«).
The validity of such a result will also be shown by numerical
experiments in the Results and Discussion section.

Therefore, the optimum value of the regularization parameter,
opt» is determined from Equation 12 and used in Equation 8
to obtain the inverse solution. The problem now is reduced to
that of determining a,,, from Equation 12. This is done in the
following manner. The first step in the analysis is to develop
an explicit expression for the computation of the global
influence matrix A(x) appearing in Equation 12. The matrix
A(x), which relates the measurement data Y to the estimated
temperature T, is defined by

V(a)= (12)

T=A(x)Y (13)
If we assume g, =T, =0, then Equation 7 reduces to
T=Xg (14)
Introducing Equation 8 into Equation 14, we obtain
T=X[X"X+a«HTH,]XTY (15)
A comparison of Equations 13 and 15 reveals that
A()=X[X"X+aHTH,]" X" (16)

The value of A(x) computed from Equation 16 is introduced
into Equation 12, and the cubic interpolation is used to
minimize V(x) to obtain «,,. In this scheme, V(x) defined
by Equation 12 is evaluated for consecutive decreasing (or
increasing) values of a until V(x) starts to increase. This value
of o, together with its three previous values, are used to
determine the four unknown coefficients in the cubic repre-
sentation of V{a). The resulting functional form of V{a) is then
used to compute o, by setting d¥(a)/du=0. The optimal value
of a,,, established in this manner is used in the least squares
method to find the heat source function g(t) that minimize
Equation 2.

Results and discussion

To illustrate the application and the usefulness of the GCV
method, we consider two specific -examples involving the
prediction of the timewise variation of the strength of a plane
surface heat source, located at the midpoint of a plate, from
the knowledge of transient temperature recordings taken at the
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boundary surface. Initially the plate is at zero temperature, and
for time ¢>0, both boundaries are kept insulated. We have
chosen a triangular variation over time for the source strength
in the first example and a sinusoidal variation in the second
example. In both of these examples, the measurement time step
is taken as 0.06.

Numerical example 1

Consider a slab of thickness L=1. The final time is taken as
t;=1.8 and the timewise variation of the strength of the internal
plane heat source G(t) located at x=0.5 is defined as

0 0<t<03

6)= t—0.3 03<t<09 (17
T ]15—t 09<t<15

0 1.5<t

which represents a triangular variation over time.

In finite differencing with space increment dx =0.02, the time
increment is chosen as dt=0.03 instead of dt=0.06 in order to
improve the accuracy of computations. In these calculations,
all properties are taken as unity. A random noise level of wo
was added to the simulated exact temperature to generate the
measured temperature data, i.e.,

Ymeasured = Yexacl +wo (1 8)

where ¢ is the standard deviation of measurement errors and
is taken as ¢ =0.001 and the values of w are calculated randomly
by the IMSL subroutine DRNNOR,!3 which uses normal
distribution errors. In the present calculation, the value of w
is chosen over the range —2.576 <w <2.576, which represents
the 99% confidence bound for the measurement temperature.
The maximum temperature rise in this example is 0.36; therefore
6 =0.005 represents about 1.4% error to the maximum temper-
ature rise.

To show the validity of the GCV method, we use cubic
interpolation to determine the optimal value of regularization
parameter «,,, that minimizes V(x) defined by Equation 12.
Similarly, we use cubic interpolation to determine the optimal
value of regularization parameter o, that minimizes Q(a)
defined by Equation 11. They are in close agreement. To
illustrate this matter, in Figure 2 we present plots of Q(x) and
V(&) versus «. This shows that the value of a,,, determined from
the minimization of V() can be used as the «,,, needed in the
inverse analysis.

0.015
1.5e-61
J [ 0.014
1406 §
{3
0.013
v 1.3e-6 L Q
1.266 - %0‘012
1.1e-6 | E— ™ T T —— 0.011
0.000 0.001 0.002 0.003 0.004 0.005

o3

Figure 2 Variation of Q and V with parameter « for Example 1 for
¢=0.001
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Figure 3 Internal plane heat source for Example 1 for 6=0.001
(G =1.13x1077)
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Figure 4 The effectiveness of « to the inverse solution for ¢ = 0.001

Figure 3 shows a plot of the generation function g(r)
determined by the inverse analysis compared with the exact
value of G(t) for a standard deviation ¢ =0.001. The agreement
between the estimated and exact values of the source function
is excellent, i.c., the maximum error in the inverse solution
including the deterministic and the stochastic errors is under
8%. In these calculations, the optimal value of the regularization
parameter o, determined from the minimization of the function
V() was o =1.13x 1073,

The choice of « is critical to the inverse solution, as shown
by Figure 4. In this figure we notice that if « is too small the
inverse solution will oscillate (see dotted line) and if o is too
large the inverse solution will deviate from exact solution too
much (see chain dotted line). Only when a=u,, is the best
solution obtained (see dashed line).

To examine the effects of the measurement errors, the
experiment was repeated with a larger value of g, i.e., 0 =0.005.
Figure 5 shows that the computed results for V(a) are not
exactly the same as for Q(a), but they are still in the same range;
besides, despite a large increase in the standard deviation, the
results are consistent with those given by Trujillo and Busby.'?
The resulting inverse solution with o,,,=8.99 x 103 is shown
in Figure 6. As expected, increasing the measurement errors
decreases the accuracy of the inverse solution.
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Numerical example 2

The second example is also for a slab as considered in Example 1,
but the timewise variation of the heat source is taken in the form

0 0<t<03
-03
610)= sin([f_o_]n> 03st<1s (19)
0.6
0 1.5<t

which represents a sinusoidal variation over time. The space
and time increment and properties are the same as those used
in Example 1. The maximum temperature rise in this example
is 0.38; therefore, 0 =0.005 represents about 1.3% error to the
maximum temperature rise.

The resulting Q(x) and V(o) for a standard deviation ¢ =0.001
are shown in Figure 7, while the inverse solution is shown in
Figure 8. The optimal value of regularization parameter a,
was determined as o, =2.21 x 10™*, Similar results for 0=0.005
(s =1.71 x 10~ 3) are shown in Figures 9 and 10.

The above numerical experiment illustrates that minimizing
V(a) is essentially the same as minimizing Q(x) for moderate
measurement errors. When the measurement errors are large,
the optimal values of the regularization parameter o, for V(a)

3.408-5 0.036
3.20e5 § [0.034
' - 0.032
3.00e5 I
- 0.030
y 28005 L o
- 0.028
2.606-5 -
- 0.026
2.408-5 1 L 0.024
2.200-5 —— . ——T 0.022

0.00 0.01 0.02 0.03 0.04 0.05 0.06

Figure 5 Variance of Q and V with parameter « for Example 1 for
¢=0.005

1.0

08 _1 Exact heat source G(t) = 0.005
1 - === Estimated heat source g(t)

Internal plane heat source g(t) or G(1)

t sec

Figure 6 Internal plane heat source for Example 1 for 6=0.005
(2, =8.99x1073)
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24064 | I 0.026
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y 20661 0024
18664 | - 0.023
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Figure 7 Variation of Q and V with parameter « for Example 2 for
¢=0.001
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Figure 8 Internal plane heat source for Example 2 for ¢=0.001
(@p=2.21x107*)
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Figure 9 Variation of Q and V with parameter « for Example 2 for
d=0.005

and Q(x) will be deviate, but they are still in the same range
and still provide good estimates for the optimal value of the
regularization parameter.

When a large number of time steps are required, this
algorithm can be arranged as the Sequential Optimal Regular-
ization Method.
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~——— Exact heat source G(t)
| ~*= Estimated heat source g(f)

o =0.005

Internal plane heat source G(1) or g(t)

0.0 0.5 1.0 1.5 2.0
t sec

Figure 10 Internal plane heat source for Example 2 for ¢ =0.005
(0o =1.71x107%)

Conclusions

An efficient inverse method of analysis, utilizing the GCV
method to determine the optimal value of regularization
parameter a,,, is presented for the estimation of the unknown
strength of a plane internal surface heat source g(t) located
inside a flat plate.

The advantage of generalized cross-validation (GCV) method
lies in the fact that no information other than the measurement
data itself is nceded. Even with large measurement errors, the
method still yields good estimates for the optimal value of the
regularization parameter a,,.

Acknowledgment

This work was supported in part through the National Science
Foundation Grant No. MSS 88-16107 and a grant from the
Alcoa Technical center.

References

1 Beck, J. V., Blackwell, B., and St. Clair, C. R. Inverse Heat
Conduction—IIl Posed Problem, Wiley, New York, 1985

2 Miller, K. Least squares method for ill-posed problems with a
prescribed bound. SIAM J. Math. Anal., 1970, 1(1), 52-74

3 Tikhonov, A. N. and Arsenin, V. Y. Solution of Ill-Posed
Problems, V. H. Winston and Sons, Washington, DC, 1977

4 Reinsch, C. H. J. Smoothing by spline function. Numerische
Mathematik, 1967, 10, 177-183

5 Murio, D. A. On the characterization of the solution of the
inverse heat conduction problem. ASME Paper 85-WA/HT-47,
1985

6  Craven, P. and Wahba, G. Smoothing noisy data with spline
functions. Numerische Mathematik, 1979, 31, 377-403

7 Woltring, H. J. A fortran package for generalized cross-validation
spline smoothing and differentiation. Adv. Eng. Software, 1986,
8, 104-113

8 Golub, G. H. Generalized cross-validation as a method for
choosing a good ridge parameter. Technometrics, 1979, 21(2),
215-223

9 Dohrmann, C. R., Busby, H. R., and Trujillo, D. M. Smoothing
noise data using dynamic programming and generalized cross-
validation. J. Biomech. Eng., 1988, 110, 37-41

10 Trujillo, D. M. Application of dynamic programming to the

general inverse problem. Int. J. Num. Meth. Eng., 1978, 12,
613-624

177



Optimal regularization method to determine heat source strength: C. H. Huang and M. N. Ozisik

11

12

13

178

Busby, H. R. and Trujillo, D. M. Numerical solution to a two
dimensional inverse heat conduction problem. Int. J. Num.
Meth. Eng., 1985, 21, 349-359

Tandy, D. F,, Tryjillo, D. M., and Busby, H. R. Solution of
inverse heat conduction problems using an eigenvalue reduction
technique. Num. Heat Transfer, 1986, 10, 597-617

Trujillo, D. M. and Busby, H. R. Optimal regularization of the

14

15

inverse heat conduction problem. J. Thermalphys., 1989, 3(4),
423-427

Scott, E. P. and Beck, J. V. Analysis of order of sequential
regularization solution of inverse heat conduction problem.
ASME Winter Annual Meeting, 85-WA/HT-43, 1985

IMSL Library Edition 10.0, User’s Manual: Math/library version
1.0, IMSL, Houston, TX, 1987

Int. J. Heat and Fluid Flow, Vol. 12, No. 2, June 1991



